The frequency of instability waves in a wake flow is uniquely determined by a logarithmic singularity of complex ray trajectories describing the propagation of a two-dimensional wave packet. Conditions for the singularity are given by simultaneous equations indicating that the group velocity and X-derivative of the complex dispersion relation for a given flow field are both equal to zero, where X is the downstream coordinate and the dispersion relation defines the complex frequency as a function of the complex wave number and X. Simple mathematical models are introduced to simulate spatial variations of the wake behind a moderately thin flat plate. Stability calculations of the model flow indicate that the logarithmic singularity is located in the vicinity of the real axis of the complex coordinate X.
Introduction
It has often been reported since long ago that Kármán vortices are observed downstream of a two-dimensional object placed in a uniform flow and that the velocity fluctuations of a single frequency are measured with a hot-wire anemometer inserted in the wake. On the other hand, stability calculations on assumed velocity distributions in the wake indicate a band of frequencies for growing disturbances in the Reynolds-number range where those vortices are experimentally observed. This situation suggests that the linear stability theory in its original form cannot explain the line-spectrum properties of the flow governed by the Kármán vortices, and that there is a certain mechanism for frequency selection in the flow. This frequency-selection mechanism is sometimes attributed to the absolute instability of parallel or weakly non-parallel flows, which occurs when the complex group velocity characterizing the propagation of growing disturbances in the flows is zero. [1] [2] [3] [4] [5] (See also Huerre, 6) Chomaz 7) and Martinand et al. 8) for recent development of the relevant theories.) However, theoretical explanations given seem to be too mathematical to be connected directly with our intuitive understanding of associated physics.
In a parallel flow of two dimensions, the energy of the disturbances propagates with the group velocity dx=dt ¼ Cð!Þ, which depends only on the complex frequency !, and takes a real value to determine a certain relation between the real and imaginary parts of !. If all growing disturbances in a frequency range propagate in the same direction (downstream or upstream), as shown in Fig. 1(a) , then the flow is said to be convectively unstable. Contrarily, if some of the growing disturbances propagate upstream with negative values of the group velocity and others move downstream with positive group velocities as in Fig. 1(b) , the flow is said to be absolutely unstable, because there is a set of frequency and positive growth rate satisfying the condition Cð!Þ ¼ 0 for absolute instability. The frequency component with zero group velocity stays in the same location with temporal growth and grows to a very large amplitude beyond the limit of the linear stability theory.
If the basic flow is non-parallel, however, the above explanation given by Huerre and Monkewitz 3) is not applicable to actual physics. This is because the group velocity then becomes a function of both the complex frequency ! and the downstream coordinate x as dx=dt ¼ Cð!; xÞ, so that its value for !, held fixed, varies with the downstream location. When the group velocity for a fixed frequency becomes zero at a location x ¼ x S , there are two distinct trajectories towards zero as shown in Fig. 2 , which is a schematic view of analytical results by Itoh. 9) One is the path denoted by t $ jx À x S j 1=2 , and the disturbances following this path surely pass through the zero within a finite time. The other is written in the form t $ log jx À x S j, and the disturbances on this path continue their approach to zero over an infinitely long time. If the temporal growth rate given by Im½! is positive in the latter, the disturbances are extremely amplified during their long stay near the zero. In contrast to the first case where no extraordinary phenomenon is experienced, the second trajectory accompanied by a positive growth rate therefore encounters a strong instability associated with the logarithmic singularity, which may be called absolute and/or global instability.
In this paper, the criterion for the absolute-global instability of a non-parallel flow is clarified in an intuitively understandable form by using the complex ray theory previously developed by Itoh. 10) For keeping physical simplicity, the Ó 2012 The Japan Society for Aeronautical and Space Sciences wake behind a flat plate with a moderate thickness is chosen as a simple example of non-parallel flows and the spatial variation of the flow is described by a simple mathematical model. The model flows are subjected to stability calculations, and free parameters included in the model are arranged for the frequency and the location leading to logarithmic singularity. This approach is found to be useful for clarifying the flow conditions necessary for absolute-global instability. Finally, we discuss the properties of the flow field downstream of the singular point, which may be probably governed by nonlinearity under the influence of the strong instability.
Complex Ray Theory for a Wave Packet
We consider the two-dimensional wake behind a flat plate with a moderate thickness, and investigate the instability of the weakly non-parallel flow. A rectangular coordinate system with the origin at the symmetrical center of the trailing edge of the plate is used. Let x denote the downstream coordinate, y the normal coordinate and t the time. All quantities are made dimensionless as
where L is the length of the plate, U 1 uniform-flow velocity, hðxÞ half the half-value width of the wake, 0 a typical thickness of the shear layer, such as the boundary-layer thickness at the trailing edge of the plate, and " L the small parameter for asymptotic expansion. An asymptotic expression for a two-dimensional wave packet after a long time propagation in a non-parallel flow is written in the form 
Equations governing a small disturbance superimposed on the basic flow are obtained by substituting the sum of the basic flow and disturbance into Navier-Stokes equations and extracting the terms linearly proportional to the disturbance. If the asymptotic solution, Eq. (2), is substituted into the disturbance equations and the parallel-flow approximation is applied for simplicity, then the leading term is governed by the familiar Orr-Sommerfeld equation, which together with appropriate boundary conditions of the homogeneous type, poses an eigenvalue problem. This establishes a complex dispersion relation of the form
In many cases, the disturbance equations are made dimensionless with a local reference length varying in the downstream direction, and the resultant dispersion relation has to be transformed into an overall common expression, Eq. (5), through a certain law as given later. If the wave number or frequency is eliminated from the simultaneous equations, Eqs. (4) and (5), a partial differential equation is obtained for the frequency or wave number only; that is, we have
which indicate that the frequency is constant but the wave number varies along a complex ray. For convenience, we choose the complex frequency as an independent variable and consider that the dispersion relation, Eq. t t the complex wave number as a function of the frequency and the space coordinate. Then, the characteristic equations are rewritten in the form
where the complex group velocity and temporal-variation rate of the wave number are defined by
CðX;! !Þ f ð! !; XÞ; Xg;
EðX;! !Þ À X f ð! !; XÞ; Xg:
ð8Þ Now, let a disturbance with a single frequency be introduced at a point X 0 in the flow and be observed at a downstream station X ¼ X 1 after a lapse of time. We can predict the time for propagation by integrating the complex ray equation dX=dT ¼ C from X 0 to X 1 to have
which generally takes the complex value T ¼ T r þ iT i because of the complex values of group velocity. However, we may consider that the disturbance is observed at X 1 only if the corresponding complex ray appears just in the real space, satisfying the condition T i ¼ 0. This realization condition establishes a relation between real and imaginary parts of the complex frequency! ! ¼! ! r þ i! ! i , reducing two free parameters to one. The growth rate of the disturbance from X 0 to X 1 is given by
where! ! i is assumed to be a function of the remaining free parameter! ! r according to the realization condition. The above growth rate is equivalent to the factor N in the e N method of transition prediction.
10)

Mechanism of Frequency Selection
Let us consider a case where the complex ray encounters zero of the complex group velocity at point X ¼ X S , and examine the way how the group velocity approaches zero. Since variation in the complex wave number along the ray is given by
differentiation of the group velocity with respect to X and expansion of the result around X ¼ X S yields
where the two constant coefficients are given by
This comes from the assumption that all terms except C can be expanded into Taylor series around X ¼ X S , although C remains unexpanded because its behavior around X S is to be sought. It is easily found that there are two possible approaches to zero, depending on whether or not the coefficient a 0 is zero. If a 0 6 ¼ 0, then C approaches zero in proportion to X S À X ð Þ 1=2 as X tends to X S from upstream. If a 0 ¼ 0 on the contrary, then C is proportional to X S À X ð Þfor X just upstream of X S . It then follows that the integration of 1=C with respect to X slightly upstream of X S is given by
the former of which is finite even if X arrives at X S , but the latter has logarithmic singularity at X ¼ X S and diverges to infinity as X ! X S . The condition a 0 ¼ 0 is satisfied when X ¼ 0 or ¼ 0 at X ¼ X S , but the former should be held because Eq. (11) then allows a finite value of the wave number around the singular point. After all, the logarithmic singularity of complex rays occurs at the solution! ! ¼! ! S , X ¼ X S of the simultaneous equations CðX;! !Þ f ð! !; XÞ; Xg ¼ 0;
where both! ! and X are complex in general. When a small disturbance of the complex frequency! ! S is introduced into the flow at an upstream station and propagates downstream along the corresponding complex ray, an infinite time is necessary for the disturbance to attain the singular point X ¼ X S provided that X S is real. In other words, the disturbance stays for an infinitely long time in the vicinity of the singular point. If the temporal growth rate Im½! ! S is negative, the disturbance diminishes and finally disappears in the vicinity of the logarithmic singularity. If the temporal growth rate is positive, however, a disturbance with the frequency Re½! ! S continues to grow during its long stay around the singular point, at least within the linear stability theory, and will possibly attain a quite large amplitude under the control of nonlinear effects. Thus strong amplification may be expected for the solutions of Eq. (14) with a positive imaginary part of! ! S , and this may be called absolute-global instability in the sense claimed by Huerre and Monkewitz. 3) Since the complex group velocity C and the wave number variation rate E are complex functions of! ! and X for a given basic flow, the simultaneous conditions, Eq. (14), determine the complex values of! ! S and X S . This means that the logarithmic singularity locates, in general, at point X S on the complex X-plane. If the location is far away from the real axis, it is not clear whether or not the singularity influences the disturbances on the real axis. Further studies will be necessary for clarification of the influence. If the location is sufficiently near the real axis of the complex plane, however, the singularity with a positive growth rate induces substantial instability in the actual flow. This is because quite large disturbances in a narrow band of frequencies around! ! S slowly propagate along the rays adjacent to the singular point and successively appear in the flow field on the real axis.
The logarithmic singularity with a positive growth rate and locating near the real axis of X seems to act as a vibrating ribbon placed in the actual flow field. Large disturbances in a fixed frequency are produced at the singular point and dominate the flow around it. Then, the downstream flow field is governed by this frequency component, just like the flow behind a vibrating ribbon being operated at a specified frequency and specified amplitude. This situation may be regarded as a mechanism for frequency selection of the flow.
Basic Flows and Their Stability Characteristics
The velocity distribution of the wake concerned here is assumed to be symmetrical about the center line y ¼ 0, and is written in the dimensionless form u u
whereÛ UðÞ is a cross-stream distribution of the velocity defect normalized asÛ Uð0Þ ¼ 1 andÛ Uð1Þ ¼ 0:5, and QðXÞ is the maximum velocity defect at the downstream location X. Tollmien's asymptotic solution 11) of the Navier-Stokes equations for the wake far downstream of the object indicates that QðXÞ is inversely proportional to X 1=2 and that the velocity profile is given by an exponential function of À 2 . This asymptotic solution, however, may not satisfactorily describe the wake near the trailing edge of the plate. Therefore, we additionally use two simple models for the velocity profile of the near wake proposed by Mattingly and Criminale 12) and Koch, 1) the former of which uses a hyperbolic secant function and the latter a group of hyperbolic tangent functions. Three types of velocity profile are given bŷ
For stability calculations of a given basic flow, we lean on the parallel-flow approximation and use the Orr-Sommerfeld equation together with the usual boundary conditions as 
where all quantities have been made dimensionless with the local shear-layer width h and uniform-flow velocity U 1 , so that the local Reynolds number is defined by R ¼ U 1 h=#.
The so-called spatially-dependent approach leads to a simple method for searching the zero of group velocity. For spatially growing disturbances in a given basic flow with Q held fixed, we have the eigenvalue problem where the independent parameters ! and R are real, while the dependent variable ð!; RÞ and group velocity Cð!; RÞ are complex. The maximum of the spatial growth rate À i ðRÞ at each value of R is obtained by solving the equation @ðÀ i Þ@! ¼ 0, which is equivalent to Im½ fð!; R; QÞ; R; Qg ¼ 0; ð19Þ indicating that the group velocity Cð!; RÞ takes real values along the maximum-growth-rate curve plotted against R. If the zero of group velocity gets near as the Reynolds number increases, variation in the maximum-growth-rate curve becomes drastic and finally computations fall into divergence. An extrapolation for locating the zero group velocity can be applied to the data just before the divergence, because C 2 decreases to zero almost linearly with R in this region.
The above method is associated with real frequencies of temporal neutrality and therefore gives the critical condition to divide an unstable state from a stable one in zero group velocity. The basic flow scaled with the uniform-flow velocity includes the maximum QðXÞ and normalized profileÛ UðÞ of velocity defect. Numerical computations have been made to determine the critical Reynolds numbers for the asymptotic profile, the sech-model profile and the tanh-model profiles with three values of the parameter d, and the results are plotted against the maximum velocity defect Q in Fig. 4 . This figure shows that the critical Reynolds numbers only weakly depend on the profileÛ UðÞ, but quite sensitively 
Spatial Variation of the Wake behind a Flat Plate
The logarithmic singularity of complex rays discussed earlier is governed by two conditions given in Eq. (14). The first is concerned with the complex group velocity, which can be evaluated for local conditions of the basic flow; that is, for a given profileÛ UðÞ and for given values of Q and R. On the other hand, the second in Eq. (14) is related to the X-derivative of the dispersion relation, Eq. (5), and its evaluation requires some knowledge of the spatial variation in the basic flow. In the problem of the wake behind a flat plate, the X-dependence comes from variation in the profileÛ UðÞ and the functions QðXÞ and RðXÞ as discussed below.
Velocity profiles given by Eq. (16) cannot be of great difference because of the tight normalization, as seen in Fig. 3 . As the parameter d in the tanh-model tends to be zero, the profile is deformed so as to have a flat top with a square shoulder, but becomes more and more unrealistic. For large values of d, on the contrary, the profile approaches an asymptotic one and seems to become almost invariant for d larger than 0.1. More realistic velocity profiles of the wake have been obtained from numerical simulation about the two-dimensional flow around the NACA0012 symmetric airfoil performed at JAXA. 13) Some of the results are given in Fig. 6 , which shows variation of the velocity profile with the downstream distance from the trailing edge in a dimensionless form X ¼ x=L, L being the chord length of the wing. A comparison of Figs. 3 and 6 indicates a very small difference in the velocity profiles at various locations of the wake. It should be noted that the stability characteristics of the flow are not affected very much by the outer part of the small velocity defect, and that the medium part around the inflection point of the profile is the most important for stability problems of the inviscid type. The profile at X ¼ 0:01 in Fig. 6 seems to correspond to that of d ¼ 0:06 in Koch's model, and therefore, the velocity profiles concerned here are between this profile and the asymptotic one; both of which are not very different in shape from each other. Additionally, the small difference in the critical curves given in Figs. 4 and 5 suggests that the stability characteristics of the wake are affected only weakly by such a small difference in velocity profiles. Thus, we ignore the difference in the profiles and assume that the main dependence on X of the basic flow is expressed by the two functions QðXÞ and RðXÞ only.
Next, we examine variation in the maximum velocity defect QðXÞ and attempt to approximate it with a simple function of X. The function has to satisfy Qð0Þ ¼ 1 at the trailing edge of the plate and match the asymptotic solution QðXÞ ¼ c 1 X À1=2 far downstream, where c 1 ¼ 0:664% À1=2 . It is also desirable to have a mathematical model including one free parameter for wide application to different flow fields. These requisites lead to the quadratic function
where s is the free parameter and ffiffiffiffi ffi a 1 p is a function of s as given by ffiffiffiffi Figure 7 shows curves of the function QðXÞ for three values of the parameter s corresponding to the maxima Q max ¼ 1:0, 1.04 and 1.10. The curves seem to be reasonable in the smooth matching to the asymptotic solution. Figure 8 , on the other hand, gives results of JAXA's numerical simulation, where Re denotes the Reynolds number based on the chord length of the wing and corresponds roughly to the square of the local Reynolds number R at the trailing edge. The case of a lower Reynolds number represents an undisturbed situation without the appearance of Kármán vortices and indicates qualitative similarity to the curves in Fig. 7 . It may be emphasized that this result clearly shows the existence of a small region with reverse flows, in accordance with our mathematical model. Finally a similar approach is used to describe the dimensionless half-value width HðXÞ hðxÞ= 0 , which is related to the transformation ¼ HðXÞ; ! ¼! !HðXÞ; R ¼R RHðXÞ;
between the local quantities used in Eq. (18) and the overall quantities defined by Eq. (3) and byR R U 1 0 =v. The mathematical model to be introduced should be consistent with the half-value width of the boundary layer at the trailing edge of a flat plate, and has to match the asymptotic solution HðXÞ ¼ 0:1665X 1=2 far downstream. It should also include one free parameter to meet different thicknesses of the flat plate. Therefore, we assume a quadratic function of the form
where H ð0Þ is a free parameter and the other coefficients are given by
Values of the free parameter H ð0Þ depend on the thickness of the flat plate, and the remaining coefficients of Eq. (22) are determined by the additional assumption that the function HðXÞ takes its minimum at X ¼ 0 for an infinitely thin plate. Figure 9 gives curves of the above model with some values of the free parameter and all curves have their minima at the location X ¼ Àb 2 =2a 2 . The main features of these curves seem to be supported by the results of JAXA's numerical simulation given in Fig. 10 , where the case of a lower Reynolds number is a typical example of the symmetric wake behind the NACA0012 wing at zero angle of attack.
Location of the Logarithmic Singularity
Using the local variables scaled with the half-value width, we can rewrite the X-derivative of the dispersion relation, Eq. (5), in the form
f HðXÞ; RðXÞ; QðXÞg HðXÞ
which consists of terms proportional to the first derivatives of QðXÞ and RðXÞ. Substituting the quadratic-function mod- (20) and (22), and assuming the relation C ¼ 0, we get
where
Since the coefficients S 1 and S 2 are functions of X, it is not easy to find a general solution for this equation. In the special case of X Qmax ¼ X Hmin , however, the common location gives a trivial solution of Eq. (24). At this stage, we consider the case where the arbitrary parameter H ð0Þ in Eq. (22) is only slightly different from the value H ð0Þ S satisfying the condition X Hmin ¼ X Qmax , and introduce a small parameter " defined by
Then, we can expand X Hmin and the solutions of Eq. (14) into a power series of " as
whose coefficients are determined successively by solving an infinite sequence of simultaneous equations following after the expansion. In this study, computations have been made to obtain only the first three coefficients of the series solutions and those approximate solutions are used to estimate the logarithmic singularity. Figure 11 shows variations of the complex frequency ! S with a small parameter " for different values of Q max , indicating that the three-term approximation is good for " less than 0.1 but becomes worse as " increases over this magnitude. The leading-term approximation at " ¼ 0 for the case of Q max ¼ 1:0, for instance, gives the dimensionless form fL=U 1 ¼ 1:17 of the frequency f Hz at the singular point. This is much smaller than the dominant frequency fL=U 1 ¼ 2:2 obtained from JAXA's numerical simulation on the wake behind a NACA0012 airfoil with the chord length L. This disagreement may be due to large difference in the Reynolds number between the present analysis and the numerical simulation. Variations of the complex coordinate X S with " are given in Fig. 12 , where trajectories with parameter " increasing are traced on the complex X S plane. We see that the location starts from the real position X Qmax and moves downstream and away from the real axis.
When such a logarithmic singularity is placed in the vicinity of the real axis of X and the temporal growth rate of the singular point is positive, the disturbances passing through the singular point or its vicinity are amplified to a very large amplitude beyond the limit of the linear stability theory, and perhaps to a finite equilibrium amplitude during their very long stay around the singularity. This situation may be equivalent to setting up a vibrating ribbon excited with the singular frequency ! S and equilibrium amplitude. If the local Reynolds number of the flow in this area is only slightly larger than the critical value given in Fig. 4 , the equilibrium amplitude is expected to be still small enough for disturbances propagating downstream to be described using the linear stability theory. If we take the basic flow with the asymptotic velocity profile, and with the velocity defect being maximized at the trailing edge, for instance, the logarithmic singularity is located at approximately X S ¼ 0, and Figs The total growth rate from the trailing edge to the rear neutral point is roughly given by N ¼ $ 2.
Conclusions
The logarithmic singularity of complex rays is defined by solving the simultaneous equations derived by putting both the complex group velocity and X-derivative of the complex dispersion relation equal to zero. The solution determines the complex values! ! S and X S of the frequency and spatial coordinate. If an imaginary part of! ! S is positive, temporally growing disturbances with the frequency Re½! ! S are exposed to almost infinite amplification during their very slow travel in the vicinity of the singular point, and will grow beyond the limit of linear theory. These conditions for the appearance of unstable singularity are equivalent to those for the absolute instability of parallel flows and the global instability of non-parallel flows in the terminology of Huerre and Monkewitz.
3)
The logarithmic singularity generally locates at a point X S on the complex X-plane. If the location is far away from the real axis, it is not obvious whether or not the singularity may influence disturbances on the real axis. If the location is sufficiently near the real axis of the complex plane, however, the singularity with a positive growth rate induces strong instability in the actual flow in the sense that rather large disturbances with a nearly singular frequency slowly propagate along the rays adjacent to the singular point and successively appear in the flow field on the real axis.
The logarithmic singularity with a positive growth rate and located near the real axis of X seems to act as a vibrating ribbon placed in the actual flow field. Very large disturbances of a single frequency are produced at the singular point and dominate the downstream field similarly to those excited by a vibrating ribbon; that is, we have spatially growing or decaying disturbances with the frequency Re½! ! S .
In the wake behind a flat plate, the complex group velocity has a zero with a positive value of temporal amplification rate for the velocity defect over 93% of the uniform-flow velocity, and this has been considered a condition of absolute instability in locally parallel flows. However, a necessary condition for the flow field to have logarithmic singularity is that the X-derivative of the dispersion relation must become zero in addition to zero for the group velocity. This condition is satisfied if the wake has a local area of reverse flows, because the X-derivative of the dispersion relation is likely to have a zero near the peak of velocity defect, which is usually larger than the uniform-flow velocity.
